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We study superconductivity on the honeycomb lattice close to the Mott state at half filling. Due
to the sixfold lattice symmetry and disjoint Fermi surfaces at opposite momenta, we show that
several different fully gapped superconducting states naturally exist on the honeycomb lattice, of
which the chiral d + id′-wave state has previously been shown to appear when superconductivity
appears close to the Mott state. Using renormalized mean-field theory to study the t-J model and
quantum Monte Carlo calculations of the Hubbard-U model we show that the d + id′-wave state
is the favored superconducting state for a wide range of on-site repulsion U , from the intermediate
to the strong coupling regime. We also investigate the possibility of a mixed chirality d-wave state,
where the overall chirality cancels. We find that a state with d + id′-wave symmetry in one valley
but d− id′-wave symmetry in the other valley is not possible in the t-J model without reducing the
translational symmetry, due to the zero-momentum and spin-singlet nature of the superconducting
order parameter. Moreover, any extended unit cells result either in disjoint Dirac points, which
cannot harbor this mixed chirality state, or the two valleys are degenerate at the zone center, where
valley hybridization prevents different superconducting condensates. We also investigate extended
unit cells where the overall chirality cancels in real space. For supercells containing up to eight sites,
including the Kekule´ distortion, we find no energetically favorable d-wave solution with an overall
zero chirality within the restriction of the t-J model.
PACS numbers: 74.20.Mn, 74.20.Rp, 71.10.Fd
I. INTRODUCTION
Superconductivity driven by strong electron-electron
interactions has been an enigma in condensed matter
physics ever since the high-temperature cuprate super-
conductors were discovered almost 30 years ago.1 Com-
mon to all cuprate superconductors are square (or rect-
angular) CuO2 layers, where superconductivity is known
to originate upon doping of the antiferromagnetic Mott
insulating phase at half filling.2–8 The superconducting
state has a spin-singlet fourfold dx2−y2-wave symmetry in
the CuO2 planes.
3,4 The spin-singlet configuration can be
viewed as a direct consequence of the antiferromagnetic
state in the undoped parent compounds, as the Mott
physics present at half filling naturally transfers into a
spin-singlet symmetry for the superconducting order ap-
pearing at finite doping levels. The d-wave symmetry
is a result of strong on-site repulsion, which heavily fa-
vors order parameters which average to zero over the
full Brillouin zone, of which the d-wave state is the sim-
plest even-parity possibility. This is in contrast to con-
ventional electron-phonon driven superconductors which
have spin-singlet isotropic s-wave order parameters. The
spin-singlet d-wave symmetry of the superconducting
state is thus a direct consequence of strong electron-
electron repulsion. Beyond the high-temperature cuprate
superconductors,9 many heavy fermion superconductors
are likely also d-wave superconductors,10 as well as some
organic superconductors.11–13
All currently established d-wave superconductors have
square (or rectangular) lattice symmetry, which natu-
rally hosts a fourfold symmetric order parameter. The
sixfold symmetric honeycomb and triangular lattices, on
the other hand, offer crystal structures which do not con-
veniently accommodate a d-wave state. As a result, the
dx2−y2- and dxy-wave symmetries belong to the same ir-
reducible representation for all hexagonal lattices. This
means both solutions necessarily have the same transi-
tion temperature Tc.
14,15 Below Tc higher order terms
become important in the energy functional and the com-
plex combination dx2−y2 ± idxy (d± id′) is very generally
favored.14–23 The d ± id′ state is a chiral, time-reversal
symmetry breaking state with the chirality set by the
sign between the two different d-wave components24–26
and where the non-trivial topology27 guarantees the ex-
istence of two co-propagating, i.e., chiral, edge states.26,28
Finding a superconductor with a honeycomb or tri-
angular lattice and strong electron-electron interactions
thus offers the exciting possibility of realizing chiral d+id′
pairing. The honeycomb lattice further has the inter-
esting electronic property that close to half filling the
normal-state has not one single Fermi surface but in-
stead two disconnected Fermi surfaces centered around
the Brillouin zone corners atK andK ′ = −K. Supercon-
ductors with multiple Fermi surfaces, such as the iron-
pnictides/chalcogens, are often known to host an intri-
cate gap structure.29,30 Thus, electron-driven supercon-
ductivity close to a Mott insulating phase at half filling on
the honeycomb naturally provides a very rich playground
for possibly realizing exotic superconducting states. Be-
yond superconductivity, Mott physics of the honeycomb
lattice has also been proposed to give rise to other ex-
otic states such as topological Mott insulator and exotic
2quantum spin Hall states, especially in conjunction with
finite spin-orbit coupling.31–45
In terms of materials, the most prominent honeycomb
material today is undoubtedly graphene.46,47 There al-
ready exist a multitude of theoretical proposals for su-
perconductivity driven by electron-electron interactions
in graphene.48 The Fermi surface in undoped graphene
only consists of two points, but doping graphene gener-
ates more free carriers, which increases the chances of
superconductivity. Especially the region around the van
Hove singularity at very heavy doping, where the Fermi
surface transitions to be centered around Γ, has been
shown to be very promising for superconductivity with
d+ id′-wave symmetry, generated by even weak electron-
electron interactions.22,49–52 While this d+id′-wave state
has been shown to be reasonably stable to disorder,53
experimental advancements are still needed in order to
reach such high doping levels in graphene. Superconduc-
tivity has also been explored in graphene at lower doping
levels where the Fermi surface is centered around K,K ′,
but this requires much stronger electron-electron inter-
actions. While the on-site repulsive Hubbard interaction
in graphene has been approximated to be as large as half
the band width,54 it still only puts graphene in a weak to
intermediate coupling regime, where the small low-energy
density of states close to half filling effectively prevents
superconductivity. In order to enhance the chiral d+ id′-
wave state in lightly doped graphene to the level of de-
tectability, a proximity effect to external superconductors
has been proposed.55,56 Also bilayer graphene, which has
a large density of states at the Fermi level even in the
undoped state, has been proposed to host a d+ id′-wave
superconducting state upon weak doping.57–60
Looking beyond graphene, other honeycomb materi-
als might have more potential in terms of chiral d-wave
superconductivity close to half filling. One promising
material is In3Cu2VO9, where singly occupied 3z
2 − r2
Cu orbitals form a S = 1/2 honeycomb lattice.61 Ex-
perimentally, the undoped ground state has been iden-
tified as a likely Ne´el antiferromagnet,62,63 with d+ id′-
wave superconductivity proposed to appear upon finite
doping.23,64 Another material is the (111) bilayer of the
perovskite SrIrO3,
65 which has been found to host an
antiferromagnetic Heisenberg coupling on a buckled hon-
eycomb lattice, where finite doping has the possibility to
give rise to d + id′ superconductivity.66,67 The recently
discovered superconductor SrPtAs68 has also been pro-
posed to have d + id′-wave pairing,69 although multiple
bands around the Fermi level add additional complexity
to the electronic structure70,71 not present in simple one-
orbital honeycomb lattice systems. Another interesting
materials family is the iridates A2IrO3 (A = Na, Li),
where the Ir atoms form a honeycomb lattice and mag-
netism has been shown to be captured by a Heisenberg-
Kitaev model.72–77 Hole doping this model for dominant
antiferromagnetic Heisenberg coupling has been shown
to give spin-singlet d + id′ pairing, whereas spin-triplet
p+ip′-wave phases dominate when the Kitaev coupling is
increased.78–80 Similar physics could potentially also be
implemented using ultracold atoms, which have recently
been used to produce a tunable honeycomb lattice.81
Theoretically, methods ranging from mean-field
theory,15,23 to functional renormalization group,23,82
quantum Monte Carlo (QMC),83,84 and Grassman
tensor-product state variational methods,64 have already
shown that a chiral d + id′-wave state can appear on
the honeycomb lattice close to half filling in models with
strong electron-electron interactions. Predominantly the
Hubbard model with moderate on-site repulsion,84 and
especially the t-J model,15,23,64,82,83 which is the result-
ing model in the limit of very strong Hubbard on-site
repulsion,85–87 have been used. For example, renor-
malized mean-field theory (RMFT)88–92 and a slave-
boson93–97 approach have recently been used to handle
the no-double occupancy criterion in the t-J model.23
The chiral d+ id′-wave state was shown to emerge quite
generally upon doping, in agreement with earlier mean-
field studies not incorporating the no-double occupancy
criterion.15 Further, it has also been suggested that the
disjoint Fermi surfaces might give rise to a state with
d + id′ symmetry in one valley but d − id′ symmetry in
the other valley.23,98 In this mixed chirality state the chi-
rality cancels out leaving the system time-reversal sym-
metry invariant and with no edge states, but still with a
highly unconventional order parameter.
In this work our goal is to study the competition be-
tween single versus the mixed and other zero net sum chi-
rality d-wave superconductivity on the honeycomb lattice
when doping the Mott state at half filling. To accomplish
this we first of all provide a general symmetry analysis
of the allowed superconducting symmetries on the honey-
comb lattice resulting from strong electron-electron inter-
actions, especially focusing on the nodal structure close
to half filling. Since the normal-state Fermi surface is
disjoint and centered around K,K ′ close to half filling,
its nodal structure can be notably different from that
of a single Fermi surface centered around the zone cen-
ter Γ. We then specialize and study superconductivity
from strong on-site repulsion. More specifically, we use
RMFT to study the t-J model and QMC calculations
to treat the original Hubbard-U model. The RMFT re-
sults are specifically focused on the quasiparticle energy
spectrum and provide evidence that the mixed chirality
state is not more energetically favorable than the sin-
gle chirality state. Our QMC study complements earlier
QMC work in the intermediate-U regime,84 as it spans a
whole range of U values also approaching the strong-U
limit, and shows that the d + id′ state gets more favor-
able at higher on-site U values, which corroborates the
use of RMFT. Using RMFT we then provide a detailed
analysis of the proposed mixed chirality state.23,98 By
using the general symmetry analysis we conclude that
the mixed chirality state cannot be a physically viable
superconducting state of the t-J model, or other mod-
els with spin-singlet superconductivity, without reducing
translational symmetry. Moreover, even with reduced
3translational symmetry the Dirac points are either still
disjoint, in which case they cannot still harbor the mixed
chirality state, or they are degenerate at the zone center,
where valley hybridization prevents different supercon-
ducting condensates. Following this result we also study
real-space modulations in four-, six-, and eight-site unit
cells. These extended unit cells allow the order parame-
ter phase winding (or flux) to be zero or alternating on
neighboring honeycomb plaquettes, which can result in a
zero net sum chirality in the material. The six-site cell
also allows for a Kekule´ distortion which has no iden-
tifiable plaquette flux.58,99 In all cases we find that the
single chirality d+ id′ state is energetically favorable. By
extrapolating these results we draw the conclusion that
real-space modulations of the chiral d-wave state, which
generate a net zero sum chirality state, do not lead to a
lower energy. We can thus conclude that the single chi-
rality d-wave state is very likely the most stable state on
the honeycomb lattice for superconductivity close to the
Mott phase at half filling.
The structure of the article is as follows. In Sec-
tion II we provide a general symmetry analysis for zero-
momentum pairing on the honeycomb lattice, as ap-
propriate for pairing originating from strong electron-
electron interactions. In Section III we study the t-J
model within RMFT, paying special attention to the
quasiparticle energy, and in Section IV we provide a
QMC study of the Hubbard model which corroborates
the RMFT findings. Then in Section V we use a symme-
try analysis to show that a mixed chirality state is not
feasible without breaking translation symmetry. We also
study extended unit cells and conclude that no real-space
modulation leads to a mixed or net zero sum chirality
state being the favored state in the t-J model. Finally,
in Section VI we provide a concluding discussion and
summary.
II. GENERAL SYMMETRY ANALYSIS
We start with a general symmetry analysis of the su-
perconducting state close to half filling on the honeycomb
lattice. The superconducting state always breaks the
global U(1) symmetry, but can also break additional sym-
metries present in the normal state Hamiltonian, such as
crystal, spin-rotation symmetries but also time-reversal
symmetry. The term “unconventional superconductiv-
ity” is often used to classify states with such additionally
broken symmetries. Even without detailed knowledge of
the attractive interaction causing superconductivity it is
possible to do a general symmetry analysis of the possi-
ble superconducting states for a specific material. This is
due to the fact that the quadratic BCS Hamiltonian de-
scribing the superconducting state in momentum space
results in a linear eigenvalue equation for the supercon-
ducting order parameter ∆ around the transition temper-
ature Tc. We can therefore expand the momentum space
dependence of ∆ with respect to a set of basis functions,
which can be classified according to the irreducible rep-
resentations of the symmetry group of the normal-state
Hamiltonian (see, e.g., Refs. [14,48] for a more detailed
treatment). Apart from accidental degeneracies, the su-
perconducting state will belong to a single irreducible
representation at Tc and it is only possible to have a mix-
ture of symmetries belonging to different irreducible rep-
resentation if multiple superconducting transitions take
place as the temperature is lowered.
The two-dimensional (2D) honeycomb lattice belongs
to the hexagonal group D6h with kz = 0, which restricts
the irreducible representations to those even under in-
plane reflection. We will here limit ourselves to zero-
momentum pairing, which pairs electrons symmetrically
across the Γ point in the Brillouin zone, and then D6h is
the relevant symmetry group for all doping levels of the
honeycomb lattice. The pairing from strong electron-
electron interactions is very short range in real space and
thus extended in k-space, which naturally results in zero-
momentum pairing close to half filling on the honeycomb
lattice. We will also for the moment only consider a
single band, but as we shall see in Section III, extensions
to multiple bands can be straightforward. Furthermore,
we restrict the treatment to spin-singlet and sz = 0 spin-
triplet solutions in spin-space, since all unitary sz = ±1
states can be constructed by spin-rotation of the sz = 0
spin-triplet solution.
Table I shows the simplest possible basis functions sat-
isfying the symmetry requirements of the irreducible rep-
resentations of the D6h group for the 2D honeycomb
lattice. Higher order expansions are of course possible
but give order parameters with more zero-energy nodes.
Since the quasiparticle energy is Ek =
√
ε2
k
+ |∆k|2 for a
single band with normal-state dispersion εk and a unitary
superconducting order parameter ∆k, states with lower
number of nodes are usually energetically favored. The
basis functions should be understood as representatives
of the transformation behavior but they might not obey
the translation symmetry of the particular lattice. Tak-
ing also the latter into account results in the last column
in Table I, which schematically shows the simplest (in
the sense of lowest number of nodes around Γ and K,K ′)
symmetries for each irreducible representation. As seen,
some of the basis functions with two- and fourfold rota-
tional symmetry needs to be slightly modified in order
to also obey translational symmetry in reciprocal space.
Since the superconducting order parameter is necessarily
fermionic in nature, even-parity (g) representations cor-
respond to spin-singlet states, whereas spin-triplet pair-
ing gives odd-parity (u) spatial dependence for a single
band.
A. A1g and A2g irreducible representations
A superconducting state belonging to the identity rep-
resentation A1g has all the symmetries of the normal-
state Hamiltonian. This is possible either for a constant
4Irreps. Basis functions Brillouin zone symmetry
A1g 1, k
2
x + k
2
y +
+
+
A2g kxky(k
2
x − 3k
2
y)(k
2
y − 3k
2
x)
+
+
++
+
+ -
-
--
-
-
+
+
+
+ -
-
-
-
+ -
- +
E2g (k
2
x − k
2
y, 2kxky) + +
-
-
-
+
+
-
+
-
-+
+
-
- +
B1u kx(k
2
x − 3k
2
y)
+-
+
+ -
-
+
+
-
-
+
-
+
+-
-
- +
B2u ky(k
2
y − 3k
2
x)
+
-
+
+
--
+
-
E1u (kx, ky) + -
+-
- +
+
-
-
+
+
-
+
-
-
+
TABLE I: Available irreducible representations (irreps.) for
the honeycomb lattice (D6h crystal group with kz = 0) with
their simplest basis functions and symmetries in the hexago-
nal Brillouin zone (thick black lines). Green circles indicate
the Fermi surface close to half filling, which is disconnected
and centered around K and K′. For filling beyond the van
Hove singularity at ±1/4 doping the Fermi surface is instead
centered around the zone center at Γ.
order parameter, or if it has the same k-dependence as
the normal-state Hamiltonian. The former is the conven-
tional s-wave superconducting state, typically present for
phonon-driven superconductors, whereas the latter is an
extended s-wave state. The extended s-wave state has
an effective px+ ipy dependence around each Dirac point
and has been suggested as a possible state for nearest-
neighbor attraction.100,101 It is also usually present as
a less favorable solution for interactions which favor a
higher angular momentum spin-singlet pairing, as is the
case of the t-J model close to half filling.15,23 The s-wave
symmetries give a fully gapped superconducting state,
with the exception of exactly at half filling for the ex-
tended s-wave solution.
The other spin-singlet one-dimensional (1D) represen-
tation is A2g has six nodal lines crossing in the zone cen-
ter. Even though the number of nodal lines are reduced
to three around K,K ′, the high number of nodes makes
this state highly unlikely in a real material.
B. E2g irreducible representation
Due to the incompatibility of the sixfold symmetry of
the honeycomb lattice with the fourfold symmetric d-
wave solutions, they belong to a 2D irreducible represen-
tation, E2g. This means that the two d-wave solutions, or
any linear combination of them, are necessarily degener-
ate at Tc. Below Tc, higher order corrections become im-
portant, and the chiral d±id′-wave symmetries have been
shown to be favored quite generally.15,21–23 This follows
from a very general Ginzburg-Landau argument where a
pi/2 phase shift between two separate order parameters
usually lowers the total energy, see, e.g., Ref. [14]. Due
to the intrinsically complex order parameter, these chi-
ral states also break time-reversal symmetry. While the
d-wave solutions have two nodal lines crossing a normal-
state Fermi surface centered around Γ, only one nodal
line crosses small Fermi surfaces centered around K,K ′.
The dx2−y2-wave state thus has effectively py-wave sym-
metry locally around the K,K ′ points, whereas the dxy-
wave state has local px symmetry.
102 Note that this is
still compatible with spin-singlet pairing since the order
parameter is even over the full Brillouin zone. While
the individual d-wave solutions will always be nodal su-
perconductors, the chiral d ± id′-wave combinations are
fully gapped, apart from the pathological situation when
the normal-state Fermi surface only consists of points at
K,K ′ or Γ. This by itself in fact provides a simple en-
ergy argument for why the chiral d±id′ combinations are
preferred. The chiral d-wave superconducting state close
to half filling has been shown to be the favored state for
both the t-J model and the Hubbard-U model for strong
interactions.15,23,64,82–84 Moreover, a d + id′-wave state
has also been shown to be the preferred symmetry in
the weak-coupling limit of the Hubbard model when the
normal-state Fermi surface is centered around Γ103,104
and also close to the van Hove singularity.22,49,51,52
C. B1u and B2u irreducible representations
The allowed 1D spin-triplet order parameters belong
to the B1u,2u irreducible representations. Both of these
have three nodal lines intersecting at Γ and are thus both
spin-triplet f -wave states with very similar properties
when the normal-state Fermi surface is centered around
Γ. However, their nodal lines are rotated 30◦ relative to
each other, such that the B1u has nodal lines also through
K,K ′, but B2u does not. This makes for distinctly dif-
ferent behavior close to half filling. While the B1u sym-
metry still has f -wave symmetry around K,K ′, the B2u
5symmetry gives a fully gapped state with an effective s±-
wave symmetry; i.e., the gap is (largely) constant on each
Fermi surface but with different signs. Note that the s±
state is necessarily a spin-triplet state on the honeycomb
lattice since the two Fermi surfaces are located at oppo-
site momenta. This spin-triplet s±-wave state has been
found to be the ground state for the Hubbard model on
the honeycomb lattice close to half filling in the limit
of weak interactions.103,104 It has also been shown to be
favored in superconductors with generally disconnected,
reasonably well-nested, Fermi surfaces driven by a spin-
fluctuation exchange mechanism.105
D. E1u irreducible representation
The spin-triplet 2D representation E1u consists of the
px-, and py-wave symmetries, which both have one nodal
line across the Brillouin zone. Even after adapting these
symmetries to the honeycomb lattice, it is possible to
only have one nodal line around K,K ′. These states are
thus essentially equivalent to the spin-singlet d-wave solu-
tions close to half filling, apart from having different spin
quantum numbers. Similarly to the spin-singlet d + id′-
wave solution, the px + ipy (p+ ip
′) combination should
have the lowest energy below Tc and is also a fully gapped
state. The E1u solution appears, for example, as the
ground state for models with pairing on nearest-neighbor
bonds which is odd in k. Such spatial odd-parity oc-
curs for spin-triplet bond pairing, but can also be a spin-
singlet state if there is an additional quantum number
under which the order parameter is odd. A prototype
example of the latter is band index, with spin-singlet,
p + ip′-wave odd-interband pairing found in the t-J
model,15 as briefly discussed in Section III. Allowing also
for sz = ±1 pairing, the spin-triplet p-wave states found
in the Heisenberg-Kitaev model with dominant Kitaev
coupling belong to this irreducible representation.78–80
To summarize the results of Table I, the honeycomb
lattice allows for superconducting order parameters that
have many different number of nodes in the Brillouin zone
but for disjoint normal-state Fermi surfaces at K,K ′ the
number of nodes present in the superconducting state is
often reduced. Most interestingly, there exist several dif-
ferent fully gapped states close to half filling, even for
order parameters that change signs in the Brillouin zone
such that they average to zero. This is especially im-
portant for superconductivity driven by strong electron-
electron interactions, which want to avoid on-site pairing.
These states include the spin-singlet d±id′ states belong-
ing to the E2g irreducible representation and the spin-
triplet f -wave state belonging to the B2u representation.
Both of these states have been shown to appear in models
of electron-driven superconductivity on the honeycomb
lattice close to half filling: the d+ id′-wave state in mod-
els involving strong interactions which favor a spin-singlet
configuration15,23,64,82–84 and the f -wave state for weak
interactions where a spin-triplet state is allowed.103,104
Also the spin-triplet p-wave states in the E1u irreducible
representation can be fully gapped and have been shown
to appear in the Heisenberg-Kitaev model appropriate
for some iridate compounds.78–80
III. RMFT ON THE t-J MODEL
Having reviewed the possible order parameter symme-
tries on the honeycomb lattice in the last section, we now
turn to using explicit models for capturing the effect of
strong interactions in honeycomb lattice materials, such
as In3Cu2VO9, and determining the favorable supercon-
ducting symmetries. We will first study the t-J model
within renormalized mean-field theory (RMFT):88–92
HtJ =− tgt
∑
〈i,j〉,σ
(a†iσbjσ +H.c.) + µ
∑
i,σ
(a†iσaiσ + b
†
iσbiσ)
+ JgJ
∑
〈i,j〉
(Si · Sj − 1
4
ninj). (1)
Here aiσ (biσ) is the annihilation operator on the A
(B) site of the honeycomb lattice for site index i and
spin σ with ni being the number operator, 〈i, j〉 denotes
the summation over nearest neighbors, t is the nearest-
neighbor hopping amplitude, µ is the chemical potential
measuring doping away from half filling, Si is the spin
operator on site i, and J is the effective coupling con-
stant.
The t-J model can be derived from the Hubbard-U
model:
HU =− t
∑
〈i,j〉,σ
(a†iσbjσ +H.c.) + µ
∑
i,σ
(a†iσaiσ + b
†
iσbiσ)
+ U
∑
i
(a†i↑ai↑a
†
i↓ai↓ + b
†
i↑bi↑b
†
i↓bi↓), (2)
in the limit of very strong interactions, U ≫ t. In
perturbation theory J = 4t2/U to lowest order when
at the same time double-site occupancy is prohibited
through a Gutzwiller projector.85–87,106–108 The latter is
implemented in Eq. (1) in an average way by the use
of the statistical weighting factors gt = 2δ/(1 + δ) and
gJ = 4/(1+δ)
2, where δ = 1−n is the doping level.88,109
Exactly at half filling Eq. (1) results in an ordered mag-
netic state since gt = 0, which agrees with experimental
results for In3Cu2VO9. Increasing the doping away from
half filling gives a finite kinetic energy and there is then
a possibility for a spin-singlet superconducting state to
appear.2,110
The use of statistical weighting factors and further
treating the interaction part in Eq. (1) within mean-field
theory is usually referred to as RMFT or Gutzwiller reso-
nance valence bond (RVB) theory of the t-J model.88–92
The benefit of a RMFT treatment of the t-J model is
that it provides straightforward access to the physics and
order parameter symmetries of the strongly interacting
limit in the Hubbard model. In Section IV we show that
6the RMFT results are in agreement with QMC results
of the original Hubbard model. A mean-field solution
of the t-J model on the honeycomb lattice, resulting in
d+ id′-wave superconductivity, was derived in Ref. [15],
but there no site occupancy limitations were considered.
More recently, a proper RMFT treatment has also been
performed.23 Here we present important additional infor-
mation on the quasiparticle excitation spectrum of the
d + id′ superconducting state, but for self-containment
we still include a complete derivation of the results.
To decompose the interaction in Eq. (1) in mean-field
theory, we follow the same procedure as for the square
lattice,88,90,97,111 using the mean-field order parameters:
χij =
3
4
gJJ
∑
σ
〈a†iσbjσ〉
∆ij =
3
4
gJJ〈ai↓bj↑ − ai↑bj↓〉. (3)
The χ-field renormalizes the kinetic energy and we will
therefore assume that it is uniform in space. The su-
perconducting order is spin-singlet bond pairing. We
will for now assume that it is translational invariant in
the bulk but allow for variations on the three nearest-
neighbor bonds of the honeycomb lattice. This results
in ∆ij = ∆α, where α = 1, 2, 3 label the three dif-
ferent bonds, with Rα the corresponding bond vector.
With these mean-field order parameters we arrive at a
quadratic mean-field Hamiltonian:15,23
HMF =− (tgt + 1
2
χ)
∑
〈i,j〉,σ
a†iσbjσ +H.c.
+µ˜
∑
i,σ
(a†iσaiσ + b
†
iσbiσ)
−1
2
∑
i,α
∆α(a
†
i↑b
†
i+Rα↓
− a†i↓b†i+Rα↑) + H.c. (4)
Here we have introduced an effective chemical potential,
since in the end we determine µ˜ self-consistently by fixing
δ. We have also ignored constant terms which are only
important when calculating the total free energy.
To proceed we first Fourier-transform Eq. (4) and then
use the transformation akσ = 1/
√
2(ckσ + dkσ), bσ =
exp(−iϕk)/
√
2(ckσ − dkσ), where ϕk = arg(
∑
α e
ik·Rα),
to write the Hamiltonian in a basis where the kinetic
energy is diagonal, i.e., in the band basis:
HMF =
∑
kσ
(εk + µ˜)c
†
kσckσ + (−εk + µ˜)d†kσdkσ
−
∑
k
∆i
k
(c†
k↑c
†
−k↓ − d†k↑d†−k↓)
−
∑
k
∆Ik(d
†
k↑c
†
−k↓ − c†k↑d†−k↓). (5)
Here we have introduced the intraband pairing:
∆i
k
=
1
2
∑
α
∆α cos(k ·Rα − ϕk), (6)
and the interband pairing:
∆I
k
=
i
2
∑
α
∆α sin(k ·Rα − ϕk), (7)
as well as the band energy εk = −t˜ |
∑
α exp(ik ·Rα)|,
with t˜ = (tgt + χ/2). In terms of discussing energetics
it is clearly favorable to work in the band basis as we
here have direct access to the normal-state Fermi surface
(εk = ±µ˜). It is important to note that in the atomic
basis used in Eq. (4) the kinetic energy is not diagonal
and thus the order parameter and its nodal structure in
k-space cannot alone give any useful information on the
quasiparticle spectrum. On the other hand, the drawback
of the band basis in Eq. (5) is that there is now both
intraband and interband gaps. However, away from half
filling the interband pairing is significantly smaller as it is
not on-shell energy wise, and can to a first approximation
be ignored.15
A. Order parameter symmetries
There are three linearly independent self-consistent so-
lutions to Eq. (5) as found in Ref. [15]. The simplest so-
lution is a uniform bond solution ∆α = ∆0, which leaves
the interband pairing zero. The intraband pairing has a
k-dependence through Eq. (6), which is that of the band
structure |εk|. Thus this is an extended s-wave solution
belonging to the A1g irreducible representation. The re-
maining two solutions are degenerate at Tc with the so-
lution space spanned by ∆d ∼ (2,−1,−1) and ∆d′ ∼
(0, 1,−1) on the three nearest-neighbor bonds. The in-
traband pairing has for these two solutions the dx2−y2
and dxy symmetries of the E2g irreducible representation
in Table I. The interband pairing has px and py symmetry
and belongs to E1u. However, note that the interband
pairing is still a spin-singlet state as it is odd in band
index. As discussed in the previous section, below Tc
the time-reversal symmetry breaking chiral combinations
d±id′ for the intraband pairing (and p±ip′ for interband
pairing) are very generally favored for E2g pairing.
15 The
two chiral d-wave solutions have the bond order param-
eters ∆d±id′ ∼ (1, exp(±i2pi/3), exp(±i4pi/3)), which are
just complex linear combinations of ∆d and ∆d′ . Note
that in the translationally invariant bulk, the two chi-
ral d-wave solutions are degenerate at all temperatures.
We will hereafter refer to this 2D solution space as the
d + id′-wave states since intraband pairing is generally
dominant.
Numerically we can solve the self-consistency equations
for the superconducting bond order at fixed doping lev-
els and calculate the size of the order parameters. The
detailed approach for this has already been presented
in Ref. [23] and, since this part is not the main goal
here, we will not repeat the details but simply present
the T = 0 phase diagram in Fig. 1. Superconductivity
forms a typical dome structure as a function of doping,
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FIG. 1: (Color online). The superconducting order parameter
∆0 in units of
3
4
gJJ for d + id
′-wave and extended s-wave
(ES) symmetries as a function of the doping level δ = 1 − n
for J/t = 0.8. Within RMFT Tc can be approximated by the
quantity gt∆0 which is also plotted.
and chiral d-wave pairing is clearly the favored symme-
try state over a wide doping range extending from half
filling and past the van Hove singularity at δ = 1/4,
where the Fermi surface transitions from being centered
around K,K ′ to being centered around the zone center
Γ. Only for doping far beyond the van Hove singular-
ity does the extended s-wave solution become the favor-
able superconducting solution, in agreement with earlier
mean-field theory results.23,53 We also plot gt∆0 which is
an approximation of Tc within RMFT.
88–91 As seen, Tc is
zero at half filling, in agreement with having a magnetic
state, but then rises as the doping level increases.
B. Quasiparticle spectrum
To gain more understanding of the favored d + id′-
wave solution we analytically investigate its quasiparticle
spectrum. Due to complex order parameters ∆α and
both intra- and interband pairing, care has to be taken
when diagonalizing the Hamiltonian (5) and simplifying
the expression for the quasiparticle energy in order to
arrive at
Ek = ±
√
ε2
k
+ µ˜2 + |∆i
k
|2 + |∆I
k
|2 ±
√
4ε2
k
µ˜2 + 2|∆I
k
|2(2ε2
k
+ |∆i
k
|2) + (∆i
k
)2(∆I
k
)†2 + (∆I
k
)2(∆i
k
)†2. (8)
The last two terms are different from Ref. [23], where
real-valued intra- and interband pairings were used.
However, note that this difference only slightly modifies
the self-consistent values of ∆0 (see Fig. 1) and has no
significant influence on Tc. In Fig. 2 we plot the low-
est positive branch of the quasiparticle energy for chiral
d+id′-wave pairing for both the half-filled case µ˜ = 0 and
for doping away from half filling, in order to determine
the lowest energy excitations in the superconducting sys-
tem. The quasiparticle spectrum is identical for the other
chiral solution, d− id′.
As seen, the quasiparticle spectrum is fully gapped for
doping levels away from half filling. At half filling there
exist only nodal quasiparticles at K,K ′, but this situ-
ation does not correspond to a superconducting state
since then gt = 0. This spectrum is to be expected
from a d+ id′-wave symmetric superconducting state in
a one-band model, as illustrated in Table I, and the re-
sults shows that the interband pairing is not important
for the quasiparticle spectrum. In fact, artificially set-
ting the interband pairing to zero generates quasiparticle
plots qualitatively similar to those in Fig. 2. This further
justifies calling this state a d + id′ state, which techni-
cally only refers to the intraband pairing symmetry. We
also see how the initially fourfold symmetric d-wave so-
lutions adapt to the sixfold honeycomb lattice by giving
the d + id′ solution (finite) quasiparticle energy minima
at three points around each Fermi surface, thus naturally
incorporating the lattice symmetry.
kx kx
ky
(a) (b)
FIG. 2: (Color online). Lowest positive quasiparticle energies
for the illustrative cases of t˜ = 1, ∆0 = 0.4t˜, and µ˜ = 0 (a)
and µ˜ = 0.5t˜ (b) for the d± id′-wave superconducting states.
The color scale is chosen such that only EQP = 0 is black,
which is only present in (a). In (b) there is always a finite
energy gap.
Before closing this section we briefly also comment
on the effect of further-neighbor coupling. Expand-
ing the Hubbard Hamiltonian up to fourth-order pro-
8cesses generates a coupling J2 acting on next-nearest
neighbors.112,113 Introducing a small such term, as rel-
evant for, e.g., In3Cu2VO9,
114 preserves the antiferro-
magnetic order at half filling112 and has been shown to
further enhance the d + id′ solution over the extended
s-wave state close to half filling.23
IV. QMC ON THE HUBBARD MODEL
The above RMFT results shows that for strong on-site
electron repulsion, approximated by the t-J model, the
d+ id′-wave superconducting state is favored for doping
levels ranging from half filling to beyond the van Hove
singularity. Here we present QMC results of the original
Hubbard-U model, which provides additional evidence of
the preference for chiral d+id′-wave superconductivity in
this full doping regime. Since these are the results of true
many-body calculations they are highly complementary
to the RMFT solution, which relies on first performing a
perturbative expansion in U/t and then using mean-field
theory.
More specifically, we perform determinant quantum
Monte Carlo (DQMC)115 calculations on a 24-site cluster
for several different values of the Hubbard-U term (here
we set t = 1 for simplicity) for a range of filling fractions
n. We calculate the pairing susceptibilities in the various
channels via
χ =
1
N
× 1
Gl
∫ β
0
∑
i′,i
〈∆(i′, τ)∆†(i, 0)〉dτ, (9)
where N is the number of cluster sites and Gl denotes
the renormalization factor of the pairing form factors:
Gl =
∑
α |gl,α|2. The gl,α represent the form factor as-
sociated with pairing on bond α in real space, subject
to the different irreducible representations of the D6h
point group, enumerated by index l. For the spin-singlet
and spin-triplet pairing amplitudes we have the following
pairing possibilities:
∆†l (i) =
∑
α
g†l,α√
2
(c†↑ic
†
↓i+Rα
− c†↓ic†↑i+Rα), S = 0
∆†l (i) =
∑
α
g†l,α√
2
(c†↑ic
†
↓i+Rα
+ c†↓ic
†
↑i+Rα
), S = 1, sz = 0
∆†l (i) =
∑
α
g†l,αc
†
↑ic
†
↑i+Rα
, S = 1, sz = 1
∆†l (i) =
∑
α
g†l,αc
†
↓ic
†
↓i+Rα
, S = 1, sz = −1.
(10)
In order to extract useful information of the many-
body effects on the pairing in the case of small cluster
calculations it is usually more appropriate to investigate
the connected pairing susceptibility χ − χ0 rather than
the χ itself.116 This is due to the fact that χ0 is the purely
disconnected counterpart of χ (”bubble contribution”)
and it contains the Hubbard-U effect on a single-particle
level.
Thus we plot in Fig. 3 both χ (solid lines) and χ0
(dashed lines) as functions of filling n, of which the
relative magnitude reflects whether pairing is promoted
(χ > χ0) or suppressed (χ < χ0) by correlation effects.
We here include all pairing symmetries with one or fewer
nodal lines close to the Brillouin zone corners at K,K ′.
It is clearly seen in Fig. 3 that for small U = 1, 2, the
difference χ − χ0 is always close to zero, regardless of
pairing symmetry and filling n. This suggests that the
vertex corrections do not allow pair formation at small U
values. At larger U = 4, 6 we start seeing clear positive
χ−χ0 differences for several symmetries, indicating that
the pairing with these particular symmetries is enhanced.
Although the B2u, E2u, and A1g symmetries all show
some positive difference χ−χ0 at certain filling fractions
n for these larger U values, we find that dx2−y2 (and dxy)
always has the largest difference χ − χ0 for filling frac-
tions between half filling and the van Hove singularity.
This shows that it is the most dominant pairing on hon-
eycomb lattice close to half filling. Note that the band
width is 6t, so these QMC results do not only confirm
the results of the RMFT calculations for the strong-U
limit, but also show that the chiral d + id′-wave state
is the dominant superconducting instability even in the
intermediate-coupling regime.
V. MIXED CHIRALITY d-WAVE STATES
The chiral d-wave state found to be the ground state
in both the RMFT and QMC calculations above has a
twofold ground-state degeneracy, d + id′ or d − id′, at
all temperatures below Tc. The two states have different
chiralities, which can be classified by a Chern number or a
Skyrmion winding number,24–26 which takes values N =
±2 for the two different chiralities. The most notable
consequence of the finite topological number is that it
guarantees the existence of two chiral edge states crossing
the bulk energy gap.26,28 Beyond the different chiralities,
the two d-wave states are otherwise identical; for example
they have the exactly same quasiparticle spectrum, as
seen in Eq. (8).
Most notably, both chiral d-wave states break time-
reversal symmetry. However, the disconnected Fermi sur-
faces on the nearly half-filled honeycomb lattice has been
proposed to favor d + id′-wave symmetry in the K val-
ley but d− id′-wave symmetry in the K ′ valley.23,98 This
mixed chirality state does not break global time-reversal
symmetry and has canceling edge states. In fact, if one
plots the gap order parameters in the original atomic
basis, the d + id′ state is gapped at K but gapless at
K ′, whereas the d − id′ state is gapped at K ′ but gap-
less at K.23 Thus a simple energy argument seemingly
should favor the mixed chirality state. However, in the
atomic basis we cannot draw the normal-state Fermi sur-
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FIG. 3: (Color online). Pairing susceptibility χ (solid lines) and its bubble contribution χ0 (dashed lines) as a function of
electron filling n for four different values of the on-site Hubbard U/t = 1, 2, 4, 6 and calculated for the temperature T/t = 0.2.
The connected pairing susceptibility χ−χ0 reveals the impact of the many-body effects from U , whether to enhance (χ−χ0 > 0)
or suppress (χ− χ0 < 0) pair formation. Error bars are smaller than the symbols.
face, and it is thus not clear what a gapped or gapless or-
der parameter means for the quasiparticle energy, which
is the important quantity. As a matter of fact, from the
quasiparticle energy spectrum in Eq. (8), we know that
the d± id′ solutions have the same quasiparticle excita-
tions in both valleys and thus the same gap structure on
normal-state Fermi surfaces centered around K and K ′.
Therefore, the mixed chirality state cannot be argued to
appear in the t-J model from a simple energy argument.
In the case of strong on-site repulsion and its associated
t-J model, the mixed chirality state is also problematic
from a more fundamental physical point of view. The t-J
model has very short range real-space pairing (on nearest-
neighbor bonds), which corresponds to extended pairing
in k-space. For the honeycomb lattice close to half fill-
ing this dictates that the two electrons forming a Cooper
pair belong to different Fermi surfaces and they form a
zero-momentum paired state, i.e. the two electrons have
momenta k and −k, respectively. For zero-momentum
pairing it is the symmetry of the order parameter over
the whole Brillouin zone that is important, as discussed
in Section II. For the mixed chirality state, with d + id′
at K and d− id′ at K ′ = −K, the d-wave part has even
parity over the full Brillouin zone, whereas the id′-wave
part has odd parity. However, a superconducting order
parameter needs to be fermionic in nature, which means
that even spatial parity leads to a spin-singlet state (for
intraband pairing), while odd parity gives a spin-triplet
state. Thus the mixed chirality state is necessarily a mix-
ture of d-wave spin-singlet and id′ spin-triplet parts. This
is not compatible with the superconducting state in the
t-J model which always have a spin-singlet nature, as
clearly seen in e.g. Eq. (4). Moreover, if one still writes
a mixed chirality solution and then tries to do an inverse
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Fourier transform back to real space in order to determine
the bond pairing correlations, only the d part survives,
whereas the id′ part results in zero contributions in all
directions of the nearest-neighbor bonds. Based on this
we conclude that the mixed chirality solution, with dif-
ferent chiralities in different valleys located at opposite
momenta, is not a physically viable solution for models
with zero-momentum spin-singlet pairing on the honey-
comb lattice, which is the case in the t-J model. It is per-
haps in principle possible to get a mixed chirality phase
for more complex models, for example with spin-orbit
coupling or long-range interactions, but we here focus on
the strong short-range electron-electron interaction limit
of the simplest single-orbital spin-degenerate honeycomb
lattice.
The negative result above for the mixed chirality state
begs the question of whether there is any other way to
effectively cancel the chirality for the chiral d-wave su-
perconducting state in the t-J model? The t-J model
dictates nearest-neighbor bond pairing, which results in
a zero-momentum paired state, with a spin-singlet spin
structure. The only freedom left in the pure supercon-
ducting phase is the possibility of breaking translation
symmetry by extending the real-space unit cell. In recip-
rocal space such real-space modulations lead to a reduc-
tion of the size of the first Brillouin zone. This could po-
tentially help forming a state with mixed chirality or oth-
erwise a zero net sum chirality, as it is the spatial symme-
try consideration over the full Brillouin zone which is the
underlying problem above. Thus, what we are looking for
is a spin-singlet state with local chiral d-wave bond so-
lution character, i.e., ∆ ∼ (1, exp(±i2pi/3), exp(±i4pi/3))
on each three nearest-neighbor bonds, but where we allow
the unit cell to be larger than the original two-site cell,
such that the same phase winding of the d-wave pattern
is not repeated every two sites. This represents a mixing
of chiralities in real space. Note that all these states are
automatically orthogonal to the extended s-wave state.
In order to guide a search for a viable such state on larger
unit cells we first study the d + id′-wave in the original
two-site unit cell in Fig. 4(a). For simplicity we fix the
overall complex phase of the superconducting state such
that the horizontal bond has a vanishing phase. We see
that the order parameter phase winds twice around each
plaquette (red plaquette arrow) creating a finite plaque-
tte flux. Around each site the order parameter winds
once, but it adds up to a 4pi winding since both sites
have the same winding direction. This is fully consistent
with the winding number N = 2 for the chiral d + id′
state.
A. Four-site unit cell
To find possible candidates for a state where the overall
chirality is canceled in the unit cell, we start by study-
ing the simplest expanded unit cell which contain four
sites. Without loss of generality we again fix the phase
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FIG. 4: (Color online). Different sized unit cells on the hon-
eycomb lattice indicated by the blue unit vectors and with
the complex phase of the chiral d-wave bond order param-
eter displayed on each bond. Red (half) circular plaquette-
centered arrows mark the winding (increasing angles) of the
order parameter phase around each plaquette. Green circular
site-centered arrows mark the winding of the order parameter
phase around each site. Original two-site unit cell (a), four-
site unit cell (b), and eight-site unit cell (c) with the phase
of the order parameter on the horizontal bonds fixed to zero.
(d) Six-site unit cell with a Kekule´ distortion.
on the leftmost horizontal bond to zero, and then as-
sume a counterclockwise winding around the leftmost
site. Assuming we can only put the phases 0, 2pi
3
, or 4pi
3
on each bond, we immediately arrive at the phase pat-
tern in Fig. 4(b) if we avoid repeating the two-site unit
cell. Here the total site winding cancels over the four
sites. The plaquette winding is also zero on each pla-
quette. This is thus a state where the overall chirality is
zero. This state can be understood in terms of a system
with vertical ferromagnetic order but antiferromagnetic
horizontal order. Thus to recover the original state time-
reversal and translation by one original two-site unit cell
is needed in the horizontal direction.
We study this four-site unit cell using effective values t˜
and J˜ , where we include the statistical weighting factors
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in the values of t˜ and J˜ . We also include χ into the effec-
tive value of t˜, as it only renormalizes the band structure.
These simplifications lead to the mean-field Hamiltonian:
Ht˜J˜ = −t˜
∑
〈i,j〉,σ
a†iσbjσ +H.c.+ µ˜
∑
i,σ
a†iσaiσ + b
†
iσbiσ
−
∑
i,α
∆˜i,α
2
(a†i↑b
†
i+Rα↓
−a†i↓b†i+Rα↑) + H.c.+
∑
i,α
|∆˜i,α|
2J
,
(11)
where ∆˜i,α = J˜〈ai↓bj↑ − ai↑bj↓〉 is now the order param-
eter on bond α in the ith two-site cell. For example,
for the four-site unit cell, we have different ∆˜i,α for i
and i + 1, as illustrated in Fig. 4(b). The Hamiltonian
in Eq. (11) allows for a straightforward solution with no
formal constraint on the site occupancy, while still qual-
itatively capturing the relevant physics.
For a four-site real-space modulation the Brillouin zone
in reciprocal space is half as big as the original Brillouin
zone. This leads to the Dirac points, originally at the
corners of the Brillouin zone at K = 2pi/a(0, 2/3) and
K ′ = −K (a is the length of the lattice unit vectors)
now being “folded” into K2 = 2pi/a(0, 1/3) and K
′
2 =
−K2. Performing a Fourier transform of the Hamiltonian
in Eq. (11) to this reduced Brillouin zone we can write
down the Hamiltonian in k-space and then solve self-
consistently for the size ∆˜0 of the order parameter. In
order to find the most favorable state we compare their
total free energy at zero T :
F =
∑
k,Ek<0
Ek +
∑
i,α
∆˜i,α
2J
− 2Nµ˜, (12)
where Ek are the quasiparticle energies of the Hamilto-
nian in Eq. (11) and N is the total number of lattice
sites. More specifically, at filling fractions such that the
normal-state Fermi surfaces are well-centered around the
Dirac points, we compare the free energy of this four-site
solution to that of the original two-site chiral d+id′-wave
solution and also to that of the normal state. We find
that the free energy of the four-site zero net flux solu-
tion is higher than both the free energy of the original
one-cell solution and the normal state. Thus the solution
depicted in Fig. 4(b) is not a physically viable supercon-
ducting state.
B. Eight-site unit cell
The result from the four-site unit cell shows that zero
plaquette flux is not a stable configuration. It is also
straightforward to show that it is not possible to have
opposite 4pi windings on neighboring plaquettes. To
achieve different plaquette windings it is necessary to
insert plaquettes with zero winding in-between. The
smallest structure with plaquettes with opposite fluxes is
therefore an eight-site unit cell, as displayed in Fig. 4(c).
Here the overall plaquette flux is zero since the overall
winding cancels on the four plaquettes in the unit cell,
even though some individual plaquettes now have finite
fluxes. The total site phase winding also averages to zero.
The Brillouin zone for this eight-site real-space mod-
ulation is half that of the four-site unit cell. The Dirac
points are still at K2 = 2pi/a(0, 1/3) and K
′
2 = −K2.
We again use the Hamiltonian in Eq. (11), consider only
systems with Fermi surfaces highly centered around the
Dirac points, solve self-consistently for the order param-
eter, and compare the free energy of this eight-site state
to that of the original two-site chiral d + id′-wave state
and the normal state. We find that the free energy of
eight-site solution is higher than both the free energy of
the original one-cell solution and the normal state, which
means that this is not a preferred state. In fact, the struc-
ture in Fig. 4(c) can be seen as two-site thick domains
with different chiralities, with the zero flux two-site struc-
tures in-between forming minimum width domain walls
between the two different chiral states. It is thus not
surprising that this structure has a higher energy than
solutions without any domain walls. This line of argu-
ment also extends to the four-site unit cell, which can
be seen as only containing domain walls. Based on these
results we conclude that even larger unit cells with alter-
nating plaquette fluxes and/or zero-flux plaquettes will
not provide a superconducting state with lower energy
than the original, single chirality state.
C. Six-site unit cell
The above results for the four- and eight-site unit cells
shows that plaquettes with net zero flux are not ener-
getically favorable and that they in fact can be viewed
as domain walls. These unit cells represent the simplest
real-space modulations of the chiral d + id′ state with
the restriction that the phases on the horizontal bonds
(or along another nearest-neighbor bond direction) are
zero. This latter restriction is incidentally the same as
in the (unphysical) mixed chirality d± id′ solution since
the part that changes across the two different Fermi sur-
faces, i.e., id′, has a zero component on that bond. Here
we finally relax also this restriction. The simplest real-
space modulation with different phases on the horizontal
bonds is a six-site unit cell, since the four-site unit cell re-
quires the phase on the two horizontal bonds to be equal.
The six-site unit cell allows for the so-called Kekule´ dis-
tortion, which is a rather well-known distortion for the
honeycomb lattice. It has recently been shown that it is
possible to find two real-valued fully gapped spin-triplet
Kekule´ superconducting states if one starts with a suffi-
cient strong attractive nearest-neighbor interaction and
that these states can be energetically favorable.99 The
two states investigated had a dx2−y2 and dxy Kekule´ mod-
ulation. We arrive at the same Kekule´ real-space varia-
tion but for a spin-singlet order parameter as required
by the t-J model. In Fig. 4(d) we show the complex chi-
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ral d-wave Kekule´ modulation. There is for the Kekule´
chiral d-wave structure no well defined winding per pla-
quette but the site phase winding averages out to zero.
Thus this is a state which again presents a possibility of
overall cancellation of the chirality.
In order to perform a straightforward study of the
Kekule´ pattern we again use the Hamiltonian in Eq. (11).
At half filling in the original two-site unit cell an inter-
action strength of J˜/t˜ > 3.8 is needed in order to reach
the superconducting state. Also, at half filling the ex-
tended s- and the d-wave solutions are degenerate in the
original two-site unit cell.15 It is only by doping away
from half filling that the d-wave solutions are energet-
ically favored (since gt = 0 prevents superconductivity
at half filling there is no problem with the statement
that d-wave is always the favored symmetry in the t-J
model). Performing the exact same calculation to find
the quantum critical point for the two different real val-
ued Kekule´ d-wave patterns, we find that both of these
d-wave solutions require J˜/t˜ > 4.2. Thus, both spin-
singlet Kekule´ d-wave patterns are notably less favorable
than the extended s-wave solution at zero and low doping
levels. Since the Kekulee´ chiral d-wave solution is only
a complex combination of these two solutions with the
same node at the Dirac points, it has the same quantum
critical point at J˜/t˜ = 4.2. We therefore conclude that
close to half filling any Kekule´ spin-singlet d-wave struc-
ture is less favorable than the extended s-wave solution,
and again this is not a competitive candidate for a zero-
chirality d-wave state. This result can be understood by
considering that the Kekule´ distortion folds both the K
and K ′ points onto the zone center at Γ. At Γ the d± id-
wave solutions are both gapless and only the extended
s-wave solution is gapped, which should favor the s-wave
solution. Note that this is different from the situation
at the K,K ′ points where both the extended s-wave and
the chiral d+ id′ states are gapless. Therefore, there is in
the original two-site unit cell no such simple energy ar-
gument as to favor one solution over the other. Instead,
the d-wave solutions ultimately wins in the t-J model in
the original two-site cell since they are orthogonal to on-
site pairing which is disfavored in systems with strong
electron-electron repulsion.
D. Larger unit cells
To conclude the search for a mixed or zero net sum
chirality state we note that, while an arbitrary large ex-
tended unit cell leads to a reduced Brillouin zone, the
Dirac cones are still folded onto opposite momenta, Ki
and −Ki. As long as this momentum is non zero, a so-
lution with different chiralities in different valleys nec-
essarily has the id′ part in a spin-triplet configuration,
which is prohibited in the t-J model, or any other model
with spin-singlet superconductivity. Both the four- and
eight-site solutions discussed above also show that real-
space realizations producing allowed zero net sum chi-
rality states do not produce a favorable superconducting
state for Ki non zero. Only if both Dirac cones are folded
onto the zone center at Γ does the spin-triplet require-
ment of the id′ part go away. However, in this case, the
two Dirac cones become fully overlapping and they then
likely hybridize, preventing different phases on the two
Fermi surfaces. The Kekule´ distortion discussed above is
one zero net sum chirality example with Ki = 0 where
hybridization causes a mass gap to open in the Dirac
spectrum.117 While the Kekule´ spin-singlet chiral d-wave
real-space modulation is physically feasible, it is energeti-
cally unfavorable compared to the single chirality d-wave
state.
VI. DISCUSSION AND CONCLUSIONS
The honeycomb lattice close to half filling offers
unique opportunities to host exotic superconducting
states driven by electron-electron interactions. Due to
the sixfold lattice symmetry and disjoint Fermi surfaces
at K,K ′ several possible order parameters produce a
fully gapped quasiparticle spectrum even though they
contain nodal lines in the Brillouin zone, as displayed
in Table I. This includes one of the possible spin-triplet
f -wave states, which has a fully gapped s±-wave sym-
metry close to K,K ′ and has been found to be the fa-
vored state for the Hubbard model in the weak-coupling
limit.103,104 In the limit of strong on-site pairing, as de-
scribed by the t-J model, the pairing instead has a spin-
singlet configuration due to the antiferromagnetic Mott
state in the undoped limit. The sixfold lattice symmetry
then gives rise to the time-reversal breaking chiral d+id′-
wave state, which is also a fully gapped state.15,23,64,82–84
We have here provided QMC results showing that the chi-
ral d+id′-wave is the favored superconducting symmetry
over a wide range of U values spanning the intermediate
to strong coupling regimes. Only at very large doping
levels beyond the van Hove point is an extended s-wave
scenario plausible.23,53
Most importantly, by investigating the quasiparticle
energy spectrum and the symmetry aspects of the chi-
ral d-wave state, we have also studied the feasibility to
find a recently proposed mixed chirality d-wave state,23,98
where the pairing is d + id′ in one valley and d − id′ in
the other valley. However, due to zero-momentum pair-
ing and a spin-singlet configuration in the t-J model, we
find that a mixed chirality state is not possible to achieve
without reducing the translational symmetry. To extend
the search for a mixed or other zero net sum chirality
states we investigated extended unit cells with an overall
zero phase winding (flux) of the complex d-wave order
parameter. Extended cells with alternating or zero pla-
quette fluxes can be seen as different domain and domain
walls configurations, respectively, and we find that such
states are not energetically favorable. We also find that
the Kekule´ chiral d-wave distortion, which produces a
state with no definable plaquette flux, do not give a su-
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perconducting state with lower energy than the single
chirality d-wave state. We thus find no favored mixed
or otherwise zero net sum chirality states using simple
real-space modulations. Moreover, any real-space mod-
ulation with the two Dirac points at non zero Ki,−Ki
cannot produce a mixed chirality state due to the spin-
singlet constraint on the order parameter. Only when
Ki = 0 is this restriction lifted but then any valley hy-
bridization leads to the same phase of the order param-
eters in the two valleys. Therefore we conclude that the
single chirality d + id′-wave state is likely the most sta-
ble state even in the presence of disjoint Fermi surfaces
on the lightly doped honeycomb lattice in the limit of
strong electron-electron interactions as described within
the t-J model. It is, however, possible that including
spin-orbit coupling78–80 or longer-range Coulomb inter-
actions, might lead to other exotic states, but that goes
beyond the scope of this work.
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